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ABSTRACT 
Let S, (a,) be the set of all n X n stochastic (doubly stochastic) matrices, and let 
J,, denote the n X n matrix whose entries are all l/n. We denote the sum of all 
subpermanents of order k of a matrix A by O,(A). We prove that the maximum of 
V&A + (1 - t)J ) n on S, for fuced t in [ - l/(n - l), 0) U (0, 11 is achieved if and 
on1 y if A is a permutation matrix (k = 2,3, , n). We also show that if A E U, 
then ak(tA + (1 - t)J,) Q tak(A) + (1 - t)uk (In) in some interval [O, tk], where 
the exact values of t, and t, are 1 and i respectively. The value of t, becomes 1 
when A is chosen as a normal matrix whose eigenvalues lie in the sector 
[ - ~/en, ~/2n ] of the complex plane. 
1. INTRODUCTION 
Let S, denote the set of all rr X n stochastic matrices. A nonnegative 
square matrix where row sums do not exceed one is called substochastic. We 
designate by s^, the set of all n X n substochastic matrices. The set of all 
n x n doubly stochastic matrices is denoted by R,. Let Jn be the 12 x n 
matrix with every entry equal to l/n, and let I, be the identity matrix of 
order n. If A is a matrix, then A(i, j) denotes the submatrix of A obtained 
from A by deleting its ith row and jth column; if we only delete row i 
[column j] of A, then we denote the resulting submatrix by A(i, -) [ A(-, j)]. 
Let A be an m X n matrix. For 1 < k d min{m, nl, we denote by a,(A) 
the sum of all subpermanents of order k of the matrix A, and define 
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o,,(A) = 1. Note that if m = II, then q,,,(A) is the permanent of’ A. In 
particular 
Uk(ln) = ($ and o,,(ln) = (e). 
For an n X n matrix A, we denote by Gk(A) the average of all the 
k-diagonal products of A-i.e., 
-so Z,(A) = 1, Cn(A) = (Per A)/n!, G,(L) = l/nk, and Ck,(I,,) = (n - 
k)!/n!. 
For A E R, (n > 2) and k = 1,2, . , n, consider the following condi- 
tions: 
q(tA + (1 - t)Jn) G ok(A), (1) 
where -l/(n - 1) < t < 1, and 
q(tA + (1 - t)J,) G tq( A) + (1 - thk(Jh (2) 
where 0 < t < 1. Friedland’s generalization of the van der Waerden- 
EgoryEev-Falikman theorem says that crkk( A) > ~~(1~) whenever A # J,, 
(see [S]>, so the convexity inequality (2) is stronger than the monotonicity 
inequality (1) for 0 < t < 1. Note that when k = n, then the inequalities (1) 
and (2) become 
and 
Per[tA + (1 - t)Jn] 6 Per A (3) 
Per[tA + (1 - t)J,,] d t Per A + (1 - t) Per],,, (4 
respectively. 
Several authors have considered the inequalities (3) and (4) for some 
special values of t. For example, Marcus and Mint conjectured [13]: If 
A E R,, n > 2, then 
< PerA (5) 
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If n = 2, then equality holds. If n > 3, equality holds only when A = I,,. 
They established in [13] that the conjecture is true for n = 2 and proved the 
inequality (5) in the case when A is either symmetric or in a sufficiently small 
neighborhood of 1”. Wang in [17] proved the conjecture for n = 3, with a 
revised statement of the case of equality. He also conjectured that: If 
A E Q,, n > 3, then 
< Per A. (f-4 
Both conjectures are known to be true for n = 3 (see [17] and [6]) and n = 4 
(see [6] and [71X Chang in [3] and [4] used some probabilistic arguments to 
showthatforanyA~~2,ands~(-l,1}, 
Per( m:++lA) < Perj ‘U:++,zn), (7) 
and used (7) to show that (5) and (6) hold in the complement of a sufficiently 
large neighborhood of In in a,. Hwang in [9] generalized Chang’s result by 
proving that the maximum of Per[tA + (1 - f>l,,] on R, for fixed t in 
l- l/n, 0) U CO,11 is achieved if and only if A is a permutation matrix. 
In [l], Brualdi and Newman considered the inequality (4) and showed 
that it would not always hold, e.g., when A = (3J3 - Z-J/2. But in [lo] Lih 
and Wang showed that for A E fia the inequality (4) holds when t E [0, i] 
and conjectured that the above condition holds for all n > 3. In [7] Foregger 
partially resolved Lih and Wang’s conjecture for n = 4 and asked whether for 
n > 5, 
Per 1n+A <PerA. 
( ) 2 
In this paper, first we generalize Hwang’s result by showing that the 
maximum of a,(tA + (1 - t)L> on S, for fixed t in 
[--&.o) u (OJI 
is achieved if and only if A is a permutation matrix. This result allows us to 
establish classes of doubly stochastic matrices where the conditions (S)-(8) 
hold true. Then we prove that the condition (2) holds for any normal doubly 
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stochastic matrix whose eigenvalues lie in the sector [ - n/2n, n/en] of the 
complex plane. finally we show that for any A E 0, (n > 3), 
where0 < t Q $-. 
We shall need the following lemmas. 
LEMMA 1 (Brualdi and Newman [2]). ZfA E ,?,,, thenfor k = 1,2, , n, 
a,(A) G cTk(Z”) = (;). (9) 
Moroever, when k > 2, equality holds if and only if A is a permutation 
matrix. 
LEMMA 2 (Marcus and Mint [14]). YX is an arbitrary n X n matrix and 
s is a scalar, then for k = 0, 1, . . , n, 




Our first result is an immediate consequence of the previous lemmas. 
THEOREM 1. For any s > 0 and for k = 1,2,. . , n (n > 21, 
= k! k (yg; ‘:)$. (ns + 1) 
Proof. By Lemma 2, 
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and by Lemma 1, 
After some simplifications we obtain the desired result. ??
Note that when k > 2, the maximum is achieved only at permutation 
matrices. 
THEOREM 2. Forays > 1 andfork = 1,2 ,..., n (n > 2), 
Proof. First we demonstrate how to construct a (0,l) maximizing matrix. 
For s > 1, let B, = (bij) E S, be a maximizing matrix, and define 
Es = (gij) = ns], - B,. 
Then for every i = 1,2, . . . , n, 
and there exist jr, j2, . . . , j, such that 
Since B, is stochastic, we may choose bijl = 1. Thus we may define a (0,l) 
maximizing stochastic matrix C, = cc,> with cij, = 1. 
Now we need to show that C, is a permutation matrix. Suppose the 
contrary; then we may assume without loss of generality that cl1 = c2r = 1 
58 MASSOUDMALEK 
and ci2 =Oforall i = 1,2,..., n. For a maximizing stochastic matrix C,. 
This is a contradiction with the fact that cr, = 1 and c,~ = 0. Therefore C, 
must be a permutation matrix. 
The remainder of the proof is similar to the proof of Theorem 1. W 
By combining both theorems, we obtain a result which generalizes the 
results by Chang and Hwang. 
COROLLARY 1. Fork =2,3,....nandanyjxedtin 
the maximum of u,(tA 
permutation matrix. 
[--&o) u (OJI, 
+ (1 - t)],,) on S, is achieved if and only if A is a 
Proof. For t E (0, 11, set t = l/(ns + 1) where s > 0, and for t E 
[- l/(n - 11, O), set t = - l/( 72s - 1) where s > 1. Then the proof follows 
from Theorem 1 and Theorem 2 respectively. ??
COROLLARY 2. Let A E S,, (n > 2) and k = 1,2, . , n. If 
q(A) a &,L + (1 - hdln) forsome t,E [--&,I], 
then 
g/c(A) a fl&,A + (1 - to)Jn), 
Proof. The proof follows directly from Corollary 1. W 
Note that in Corollary 2, when t, E [O, 11 we may consider the set of 
substochastic matrices instead of S,. 
Next, we obtain a class of doubly stochastic matrices where the condition 
(2) holds true. In order to avoid lengthy computations, we state the following 
lemma, which is a direct consequence of Lemma 2. 
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LEMMA 3 [12]. Let X, = nsl, + X, where X is an arbitrary n X n matrix 
and s is a scalar. Then, for k = 0, 1, . . . , n, 
(11) 
THEOREM 3. LA X be an arbitrary n x n matrix and let k < n. If 
a;(X-],)~Oforallr=0,1,..., k,then 
q(tx + (1 - t)/,) G t@k(X) + (1 - t)%(J?JJ 
where 0 < t < 1. 
Proof. By Lemma 3, 
Since Zk(J,,) = l/nk and t E [0, l], we have 
= (1 - t)iQ&) + tiqx). 
T pbtain 
( 1 
the desired result by multiplying both sides of the inequality by 
k k!. ??
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COROLLARY 3. Let A he a normul doubly stochuTtic n x n matrix whose 
eigenvalues lie in the sector [ - 7r/2 m, 9r/2 m] of the complex plane, where m 
is a positive integer less than or equal to n. Then fi)r k = 0, 1. 1 rn and for 
t E LO, 11, 
+A + (1 - t)Jn) G tad A) + (1 - t)uk(Jn) 
Proof. According to [16], for r = 0, 1, , m, a;( A - L) 2 0. Hence 
the proof follows from Theorem 3. 
Let A E R, and t E R. For k = 1,2,. , m, define the function 
fk(t) = t$( A) + (1 - t)&(Jn) - %(tA + (1 - t)J,,). 
Note that f,(O) =f,(l> = 0. A ccording to (11) and the facts that a,( A - J,L) 
= 1, a,( A - Jn) = 0, and Ok(Jn) = (l/nIk, we have 
(12) 
THEOREM 4. Let k = 1,2, . , n. Then there exists a t, > 0 such that 
f,(t) 2 0 for t E LO, tkl. 
Proof. For k > 2, we differentiate fk(t) defined in (12) and obtain 
Since Zk( A) 2 ijk(Jn) whenever A z In (see [8, 15]), there exists a t, > 0 
such that f,'(t) > 0 for all t E [O, tk]. This and the fact that f,(O) = 0 
complete the proof. ??
Finally, we show that t, = 1 and t, = t. But first we need the following 
lemma. 
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LEMMA 4. LetXbeanarbitrayn X nmutrix. Thenfork = 1,2,...,n, 
i&(X) = ~tT_l(x) + y(“; ‘)(;)k-r-lq+l(x-]“). 
Proof. Since X = (X - Jn> + J,,, Lemma 3 implies that 
THEOREM 5. For t E [O, 11, fz(t) > 0. For t E [O, +I, f,(t) > 0. 
Proof. Since a,( A - 1”) > 0 [14], we have f,(t) = (t - t”)Z,(A - Jn) 
> 0 for t E [0, 11. By Lemma 4, 
It is known that Z,(A) > (l/n)C,( A); this turns out to be equivalent to the 
inequality (1) holding f or k = 2 and k = 3 (see [5, 11, 121). Hence 
(2/n)i?,(A - J,,) + C.&A - J,) 2 0. Now, 
h(t) = (t - t”)[=,(A -Jn) + (1 + t)C,( A -J,,)]. 
Thus for 0 < t Q ij, f,(t) > 0. ??
REMARK. By multiplying fk(t) by (; p! in Theorem 4 and Theorem 5 
we obtain some intervals where the inequality (2) is satisfied. 
We conclude this paper by proposing a problem concerning the direct 
sum of matrices. 
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OPEN PROBLEM. Let A = A, @I A, @ ... @ A,, where all the Ai’s satis+ 
the same condition ( * >. If ( * ) is one of the conditions defined in (1) through 
(8), then A also satisfies the condition ( *). 
Although the resolution of this general problem does not settle any of the 
conjectures mentioned in this paper, it allows us to create classes of matrices 
satisfying the condition ( * >. 
The author wishes to thank the referee for valuable comments and 
suggestions which greatly improved the presentation of this paper. 
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